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LIST OF SYMBOLS 
c = m/k'T, constant 
E^(t) = mean vibrational energy per molecule at time t 
Ey(T) = equilibrium value of Ey(t) at temperature T 
E^(0) = initial equilibrium mean vibrational energy 
Ey( <*•) = equilibrium value of mean vibrational energy at infinite 
time 
(Ey = mean vibrational energy for one level transition 
(Ey = mean vibrational energy for six level transition 
fCvg) = ^Vq + , exponent 
^ = Planck's constant 
^ , constant 
j = vibrational energy level 
J = maximum number of vibrational quanta to be exchanged 
during a collision 
k = vibrational energy level 
k' = Boltzmann's constant 
°K = degrees Kelvin 
L = I'/ZTT 
1' = range of repulsive forces 
In = logarithm with base e 
log = logarithm with base 10 
m = reduced mass of system, defined by Equation 17 
m^ = mass of collision partner 
iv 
= masses of atoms of diatomic oscillator 
n = ZNt, number of collisions (collision number) 
N = total number density of heat bath molecules 
N~ = number density of heat bath molecules which can cause 
de-excitation of an oscillator 
+ 
^ = number density of heat bath molecules which have sufficient 
energy to excite an oscillator from level j to k (j < k) in 
a collision 
Nu . = number density of heat bath molecules which have sufficient 
•K, J 
energy to excite an oscillator from level k to j (k< j) in a 
collision 
p = pressure 
P. .(vo) = transition probability per collision from level j to level k 
J 
^(T) = thermally averaged transition probability 
q = Yo - dumqy variable of integration 
t — time 
T = heat bath temperature 
TQ = initial temperature for oscillators 
T = ^ ^ , vibrational temperature 
V 
v_ = relative collision velocity 
'o 
Vom = relative collision velocity for maximum exponent, defined 
by Equation 26 
Xj = fraction of excited oscillators in vibrational ^energy level j 
3c\ = equilibrium fraction of excited oscillators in vibrational 
energy level j 
V 
y = 
z = 
= 
s = 
= 
e = 
e = 
c 
é = 
o 
e ZS = 
= 
t 
c 
^ = 
Ct> = 
Subscripts 
j,k = 
V = 
summation vari& le 
number of collisions per second experienced by an oscillator 
with a gas density of one molecule per unit volume 
constant, defined by Equation 44 
(k - j)(277'>l'), constant 
percentage change in mean vibrational energy defined by 
Equation 57 
h-L/ , energy level spacing in units of k'T 
k'T 
temperature parameter, defined by Equation 52 
, energy level spacing in units of k'T^ 
k'To 
value of 0^ for which the number distribution curve has 
zero slope 
natural frequency for harmonic oscillator 
tZ-z^, nondimensional time 
vibrational relaxation time 
natural angular frequency of harmonic oscillator 
integers, representing vibrational energy levels 
vibrational mode 
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INTRODUCTION 
High Temperature Effects in Gas Dynamics 
At low speeds, thermodynamic considerations in fluid mechanics are 
not needed. The thermal energy of the fluid is high compared with the 
kinetic energy so that temperature variations are negligible. As speeds 
increase, kinetic energy may become comparable with or exceed the thermal 
energy of the gas so the velocity variations may induce large temperature 
variations. For relatively low Mach numbers and temperatures (less than 
800° K), the addition of perfect thermal and caloric equations of state 
allows solution of the gas flow problem. At higher Mach numbers and tem­
peratures (greater than 800°K), the perfect caloric equation of state no 
longer holds as the specific heats vary with temperature. This variation 
of specific heats with temperature requires knowledge of how the inter­
change of kinetic energy with thermal energy occurs during the flow proc­
ess, At still higher temperatures (3000°K for 0^, 4500°K for N^) gas 
dissociation and ionization create the need for a modification of the 
thermal equation of state also. 
The high temperature gas dynamic effects have led to the study of 
real gases. In particular, the study of diatomic gases is important since 
about 99 percent of air is made up of diatomic oxygen and nitrogen. 
Real gas effects such as vibrational relaxation, dissociation, and 
ionization do not reach equilibrium instantaneously after some disturbance 
such as a shock wave passage. Equilibrium thermodynamics assumes that 
such processes occur at infinite rates so that equilibrium conditions 
exist at all times even though some variables are changing with time. 
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Application of equilibrium thermodynamics is sufficient to certain types 
of problems at relatively low temperatures. However, at higher temperatures 
and for processes such as hypersonic shocks and chemical reactions pro­
ducing products in specific energy levels, equilibrium thermodynamics does 
not hold. Then nonequilibrium thermodynamics must be applied for more re­
alistic solutions. 
The diatomic molecules such as oxygen and nitrogen have several ways 
of storing internal energy such as translation, rotation, vibration, nu­
clear spin, and others all referred to as energy modes. Even at very low 
temperatures, on the order of a few degrees Kelvin, the translational and 
rotational degrees of freedom are excited. Vibrational excitation of any 
consequence does not occur until much higher temperatures. Even at room 
temperatures, only a small part of the total internal energy is contained 
in the vibrational mode. So higher temperatures (greater than 1000°K) 
must be reached before this vibrational effect is important. 
At sufficiently high temperatures, when translation, rotation and 
vibrational energy modes are all important, a disturbance such as a shock 
wave causes these .modes to assume nonequilibrium conditions. Within a 
very few collisions, translational and rotational equilibrium is restored, 
but several hundreds or even thousands of collisions are necessary to pro­
duce equilibrium in the vibrational mode. Thus it is usually assumed that 
the translation and rotation modes are in equilibrium during vibrational 
relaxation. 
Bethe and Teller (1) first derived the vibrational energy relaxation 
in the form 
3 
dEyCt) ^ E^(T) - E^(t) 
where E^(t) is the mean vibrational energy per molecule at any time t, 
Ey(T) is the equilibrium vibrational energy at the heat bath temperature 
and 'C^(p,T) is the vibrational relaxation time which is a function of 
local temperature and pressure. They derived this equation using master 
equations for single level transition in a system of harmonic oscillators. 
This equation has been used extensively in gas dynamic problems involving 
vibrational relaxation. A new variable, Ey.(t) must be introduced into the 
energy equation so that an additional equation is needed, namely Equation 
1. This method is used for example, in relaxing hypersonic flows (2). 
Vibrational Relaxation of Diatomic Gases with Single Quantum Transition 
One of the now classical papers on the theoretical examination of 
the vibrational relaxation problem was done by Rubin and Shuler (3). They 
constructed a model of a closed, two-component gas phase system containing 
a small concentration of diatomic species in a large excess of inert gas. 
Using the transition probabilities given by Landau and Teller (4) for har­
monic oscillators, they solved the resulting differential equations for the 
number distribution of the oscillators. Their results (3) show that an 
initial Eoltzmann distribution with temperature TQ approaches the final 
equilibrium Boltzmann distribution at temperature T via a sequence of in­
termediate Boltzmann distributions with time-dependent temperatures called 
vibrational temperatures. Because the relaxation proceeds with a Boltzmann 
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distribution at any time, a temperature may be defined which gives this 
same Boltzmann distribution. In this way, a temperature, called vibration 
temperature may be written as a function of time. Likewise for translation-
al and rotational relaxation, temperatures called translational and ro­
tational temperatures may be defined. However, during vibrational relaxa­
tion, translational and rotational temperatures have already reached equi­
librium and are therefore equal. They act . as the heat bath temperature. 
In later papers (5)» (6), Shuler and associates studied the effect of 
collision transition probabilities on the relaxation process with one level 
transition assumed and the effect of radiation energy transfer on the re­
laxation of a system of harmonic oscillators. The assumption of constant 
heat bath was still usedo Shuler (7) also applied the theoretical vibra­
tional relaxation model to chemical reactions and shock waves. Shuler (8) 
and others have used the single quantum transition results to predict 
dissociation rates for diatomic gases. The rates calculated were generally 
much lower than ex^ierimentally observed values. This i.s at least partially-
due to the assumption that vibrational energy could be exchanged in single 
quanta only. Here the effect of multiple quantum transition should be in­
vestigated. 
The effects of anharmonic oscillators (9-12), have been discussed at 
length with various models for the oscillators. The general result is that 
the effect is on the order of the anharmonicity although some disagreement 
can be noted in the studies. 
In a constant temperature heat bath, the rotational and vibrational re­
laxation of a ^ stem of rotating oscillators was examined by Shuler and 
Herman (13). Both numerical solutions and approximate analytical solu­
tions were obtained for the rotational - vibrational level population with 
time. 
Work has been done by Shuler and associates (14-16), in an attempt 
to determine necessary and sufficient conditions for a time dependent 
temperature obtained by an exact sequence of Boltzmann distributions to 
hold throughout the vibrational relaxation process. Such an exact sequence 
of Boltzmann distributions is termed a canonical distribution. Necessary 
and sufficient conditions have been found. Processes governed by master 
equations with discrete energy levels require a special form of level de­
generacy, equal spacing of energy levels and transitions between nearest - ' 
neighbor levels only for a continuous sequence of Boltzmann distributions 
to exist. 
If the relaxation proceeds by Boltzmann distributions then the mean 
vibrational energy relaxation is given by the Bethe-Teller equation. 
Equation 1. The Boltzmann distributions are not necessary for Equation 
1"to hold, however, as will be discussed later. 
A modified heat bath model allowing temperature variation has been 
used by Herman and Rubiii (1?) and Anderson (18). Herman and Rubin used a 
constant internal energy heat bath in their model and Anderson attempted 
to simulate conditions behind a shock wave with an exponentially varying 
heat bath temperature. Equation 1 is found to hold for variable tempera­
ture cases if is allowed to vary with temperature since the relaxation 
proceeds, as in the constant temperature case, by Boltzmann distributions. 
An overshoot has been noted in. (18),in which the vibrational tempera­
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ture becomes larger than the decreasing translational temperat\ure with the 
vibrational temperature then becoming asymptotic to the translational tem­
perature from above. This does not occur in the constant heat bath tem­
perature case. 
Numerous authors, including Shuler (?) and Carrington (19), have 
applied the vibrational master equations to situations where the initial 
distribution is non-Boltzmann. Such cases occur, for example, in chemi­
cal reactions where products are produced in certain energy levels only. 
Then the initial distribution might be described best by a (T-distribution. 
In such examples, the relaxation does not proceed through Boltzmann dis­
tributions, although the energy relaxation still follows the Bethe- Teller 
energy equation, Shuler (?) found that the relaxation of the mean energy 
of a system of harmonic oscillators is determined solely by the amount of 
energy added to the system and not by its distribution. This statement 
must be examined within its context, however, since it concerns a system 
of oscillators which could exchange energy only with nearest - neighbor 
levels. It may not hold in cases where several vibrational quanta may be 
exchanged during a collision. 
Multiple Quantum Transition Probabilities 
Theoretical determination of the relaxation time and oscillator num­
ber distribution of a system of oscillators requires knowledge of transi­
tion probabilities for energy exchange. Several authors (20-25), have in­
cluded general discussions of transition probabilities with numerous meth­
ods for theoretically determining these quantities. Application of methods 
from classical mechanics, quantum mechanics, and combinations of classical 
7 
and quantum mechanics has been made to the calculation of transition prob­
abilities, The classical approach (10), (12), and (26-31) has been used 
by many with generally numerical results given rather than analytical equa­
tions. 
Others (31-3^) have used a combination approach with classical tra­
jectories employing quantum restrictions. This approach has led to some 
rather simple mathematical results especially for the multiple quantum 
transitions. 
The quantum mechanical approach was used by some authors (35-^1) • 
Rapp (31) found, however, that in most applications, the semiclassical 
result was sufficiently accurate. The perturbation method of solution 
generally used in the semiclassical approach is not sufficiently accurate 
for high collision velocities. Limitation must then be put on the temp­
eratures for which these transition probabilities may be used effec­
tively. 
..Alterman and associates (12) , Rapp and Sharp (3^), and Shuler and 
Zwanzig (38), have shown that transition probabilities involving exchange 
of more than one vibrational quantum can be very important, especially at 
higher temperatures (large collision velocities). Because multiple quan­
tum transition is important, the Bethe-Teller energy equation needs to be 
investigated with multiple quantum transition included. 
Experimental Investigation of Vibrational Relaxation Times 
Numerous esqjerimentalists have devised methods of measuring vibration­
al relaxation times in gases and liquids. One of the earliest and best 
known of these was Blackman (42) at Princeton University, He published 
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results from oxygen and nitrogen studies. 
Other early work presenting experimental techniques and results in­
clude papers by Bauer and Jacox (43) and Legvold and Aitme (44) at Iowa 
State University. Legvold and Amme also give a discussion of the Landau-
Teller variable, 7^, which has more recently been written as co the angular 
frequency of the oscillator with considerable confusion resulting in inter­
pretation of experimental results for natural frequency. 
Data for a variety of gases are available .from shock wave and acousti­
cal apparatus (22), (45-53)• Some of these data along with other data not 
already cited have been compiled by Losev and Osipov (54) and by Parker (55). 
•White and Millikan (56), (57) have done some recent work with shock 
tube interferometry in oxygen, nitrogen and air. These data extend experi­
mental information to higher temperatures than had been available previously. 
White and Millikan (58) have also taken a large number of data points ob­
tained by a number of researchers and fitted them with a straight line re­
lating log (p?^) and T~^^^ where p i.s the pressure in atmospheres and 7^^ is 
vibrational relaxation time in seconds. This has been done for a number of 
gases with the high temperature straight line extensions intersecting near 
the point P2^ = 10~® atm. sec., t"^^^ = O.O3. 
Nearly all data reduction in obtaining relaxation times is based on 
the Bethe-Teller equation. This assumes that one level transition is oc­
curring during the relaxation process. 
Present Goal 
This study proposes to determine the effect of multiple quantum tran­
sition on the Bethe-Teller equation and on the oscillator distribution for 
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a system of harmonic oscillators weakly interacting with an inert heat 
bath at constant temperature. The validity of the Bethe-Teller equation 
will be examined particularly for temperatures near the dissociation level 
and the effect on the oscillator distribution will be noted. 
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FUNDAMENTAL EQUATIONS 
Theoretical Model 
The model for this study of vibrational relaxation of nonequilibrium 
distributions may be described as follows : 
(1) The system of harmonic oscillators is contained in a constant 
temperature heat bath. The concentration of oscillators is 
sufficiently small so that the energy exchange between the 
oscillators and heat bath does not significantly alter the 
heat bath temperature. The concentration of oscillators is 
also small enough that the relaxation process is due to os­
cillator collision with heat bath molecules but not with other 
oscillators. This results in linear differential equations 
to be solved. 
(2) The vibrational energy of the molecules is exchanged only with 
translational energy of the heat bath molecules. 
(3) No dissociation or re combination is allowed so that the system 
is closed. 
(4) The system is at a sufficiently high pressure so that radiative 
energy exchange is. negligible compared with translational energy 
exchange. 
Master Relaxation Equations 
The set of equations governing the behavior of the vibrational dis­
tribution of a system of harmonic oscillators having discrete energy states 
during the relaxation process is given by Rubin and Shuler (3) as 
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+ 
j.k "j.k 
+ zfz ^  k.j "k.o V Xk(t) + ^  "• ^k(*>] • (2) 
k>j 
L k 
k<j 
j = 0, 1, 2 ... 
where Xj(t) is the fraction of molecules in energy level j at time t, 
Pj ^  and P^.j the transition probabilities per collision for transi­
tion from level j to k and Jk to j, respectively, and Z is the number of 
collisions experienced by an oscillator when the gas density is one mole­
cule per unit volume. K. , is the number density of heat bath molecules 
which have sufficient energy to excite an oscillator from the j th to the 
k th energy level where j < k ( depopulating to a higher energy level), 
while N, . is the number density of heat bath molecules with sufficient 
"K, J 
energy to excite an oscillator from the Ic th to the j th level where k< j 
(populating from a lower level). is the number density of heat bath 
molecules which can cause de-excitation of an oscillator from any level 
to a lower level (depopulating to lower levels, populating from higher 
levels). All heat bath molecules are energetically capable of causing 
de-excitation of an oscillator so that N~ may be replaced by N, the total 
number density of the heat bath. 
Kany authors in previous work have used transition probabilities 
given by Landau and Teller (4) which require that collisional energy ex-
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change may take place only between adjacent states. Particularly at high­
er temperatures, transition probabilities between nonadjacent states may 
be as large as or even larger than the probabilities between adjacent 
states. For this reason, the assumption of single quantum transition does 
not hold at these temperatures. If transition is allowed between any two 
states the results should correspond more closely with physical reality. 
The transition probabilities •. and P . are equal as will be 
k,j 
shown later by the principle of microscopic reversibility. This allows 
some simplification of Equations 2 which will be referred to as the "master 
equations". 
The "master equations" may be simplified further by the principle of 
detailed balancing at equilibrium along with pl ^ = pT .. This principle 
J Kj J 
may be applied to the general "master equations", but for ease of handling 
and to show its application, assume temporarily that transition may occur 
only between the adjacent and the next adjacent levels (two levels up and 
two levels do>Jn from the level in question), t&th this assumption. Equation 
2 may be written as 
dx.(t) + 
+ 
(N Xj(t) - N j-^-.j ''j-2 X. ,(t) ) + P 
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dx-
At equilibrium, = 0 where x". is the equilibrium concentration. 
dt ^ 
By the principle of detailed balancing, each quantity in parenthesis which 
is multiplied by a transition probability must be independently zero at 
equilibrium. This results in the set of equations 
+ _ W 
The firgt of Equations 4, when solved for N . gives 
J~->-, J 
= N ^ 
Xj_i • (5) 
For an equilibrium concentration of harmonic oscillators, the ratio, 
^.1 , is equal to esq) ( - as derived from the existing Boltzmann dis-
^j-1 
tribution, where h is Planck's constant, k' is Boltzmann's constant, y is 
the fundamental frequency of the harmonic oscillators, and T is the absolute 
temperature of the heat bath. 
Substitution of this ratio into Equation 5 gives 
"j-l.j = (6) 
where ©= ^ . 
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From the second of Equations 4, 
"A. 3 = KS- . (7) 
Also from the existing Boltzmann distribution, it may be shown that 
^ (8) 
for harmonic oscillators with equal energy level spacing. Then N . 
3-^ » J 
may be written 
1 (9) 
*1» + 
In similar derivations, N . and iN . .  may be found to be 
J » J, 3+^ 
"jlj+i = "s® (10) 
and 
+ -20 , . 
Substitution of these relations into the "master equations" along 
with some rearrangement yields 
d^c " 
^ - ZN [ ^,j_l ^j,j+l 
(12) 
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j = 0, 1, 2 ... (Cont.) (12) 
with the total number density, factored out. The first bracket of 
Equation 12 represents the net rate of change of the concentration of 
level j per collision to its adjacent states while the second bracket 
represents the net rate of change of the concentration of level j per 
collision to its next adjacent states (two levels up and two levels down), 
Transition probabilities with second subscripts which are negative are. 
zero since no energy level, j, less than zero is allowed. The first, 
bracket of Equation 12 is the result obtained by Rubin and Shuler (3) 
and others using single quantum transition. 
Equation 12 may be generalized to allow more levels of energy ex­
change up or down. Let J be the number of levels of energy exchange up 
and down allowed. Then Equation 12 may be rewritten for the general 
case as 
J 
^ - ZN (Xj - + F.^.^ 
(13) 
(e"^®Xj - Xj+y)] j = 0, 1, 2 ... 
This set of differential difference equations holds for j-yZO since 
P. . for j-y<0 is zero. If j-y<0, then all transition probabilities 31 j~y 
resulting with negative second subscripts should simply be set to zero 
in Equation 13 and the equation used as stated. Equation 13 does not 
represent an infinite set of equations since dissociation occurs at some 
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energy level (26 levels for O^). 
The terms involving e evolve from the principle of detailed 
balancing at equilibrium as in the case of two level transition shown 
previously. 
Determination of Multiple Quantum Transition Probabilities 
In order to solve Equation 13 for the number distributions as a 
function of time, the transition probabilities need to be known. 
The general procedure used to calculate transition probabilities (34) 
is to expand the collisional wavefunction in terms of a complete set of 
eigenfunctions of the system. This ex^iansion is substituted into the 
Schrodinger equation. An orthogonality property is used to obtain a 
set of coupled equations for"the coefficients of the eigenfunctions in 
the expansion. • Solution of this coupled set, subject to appropriate 
boundary conditions, yields the coefficients as functions of time. These 
coefficients evaluated at the time positive infinity, give the desired 
transition probabilities. The solution of this coupled, set of equations 
is very difficult in a general case, so various approximations are made 
to allow solution of much simplified equations. 
The simplest of these approximations is the first order perturbation 
approximation where the terms corresponding to only the initial and final 
states are retained. This procedure gives direct transitions only and 
does not allow several single transitions to take place for the same over­
all transition. 
A slightly more complicated procedure is the two state approximation 
where virtual transitions between the two levels are allowed. 
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The most nearly exact procedure is the N-state approximation which 
retains N states including initial, final, all intervening, and sometimes 
states outside this energy range. Numerical solutions must be obtained 
by computer for the resulting set of equations. Although the solutions 
are more accurate than those obtained from other methods, the computational 
method is so complicated that the method is difficult to apply. 
The method used here, because of its simple result, is the Nth-order 
perturbation approximation given by Sharp and Rapp (34). This method re­
tains initial, final, and all states with energy between the initial and 
final states. This method differs, however, from the N-state approxi­
mation in that the transition probabilities are assumed small and the co­
efficient of the initial state is held at unity as in the first-order per­
turbation approximation. 
The result of applying the Nth order perturbation approximation 
method to the collision of an oscillator and a heat bath molecule with 
translation-vibration energy exchange is given by Sharp and Rapp (34) as 
The probability of transition per collision from any state j to any other 
state k energetically higher than j can be related then to the probability 
of transition from the ground state to the first excited vibrational state. 
model involving the head-on collision of a diatomic oscillator composed of 
(14) 
^0 1* transition from state j to a higher state k is not a limitation 
since p. , = P, .. These transition probabilities are for a collision 
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atoms of masses m^ and with an atom or rigid molecule of mass These 
two particles collide with a relative velocity of v^. 
An expression for -, as a function of v. is needed so that P. , 
U t J- O J > K 
may be determined in terms of the relative velocity. For an exponential, 
purely repulsive interaction potential, Pq ^ is determined from the theory 
of Landau and Teller as given by Herzfeld and Litovitz (22) as 
^ - 27rvl' 
^0.1 = -z; e v„ (i;) 
where is an undetermined constant at this point and 1' is the range of 
repulsive forces measured in angstroms. Equation 15 substituted into 
Equation 14 gives the desired transition probabilities in terms of v^ but 
not in terms of heat bath temperature as is needed to solve Equation 13. 
Thermally Averaged Transition Probabilities 
To obtain the temperature dependence of P. . the transition proba-
bilities must be averaged over a thermal velocity distribution. Because 
of the coZLinear collision model used, a one-dimensional Maxwellian velocity 
distribution will be used to average P. , . The one-dimensional beam ve-
J 
locity distribution is given by (22) 
r= It a6) 
where dN is the fraction of incident atoms with velocity between v and 
T 0 . 
V + dv and where m is the reduced mass of the system 
o o 
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% (ï^B + ) 
m (17) 
The thermally averaged transition probabilities are then 
exp (- 2PFY ) ' 
_ 2 
mv^ (18) 
The range of integration extending from zero to infinity rather than from 
negative infinity to infinity is due to the fact that is a relative 
velocity and a negative value indicates motion of the molecules away from 
each other so that no collision is possible. Therefore, the range of ve­
locity from negative infinity to zero produces zero contribution to the 
transition probability. 
It is now possible to show by the principle of microscopic reversi­
bility that P. , (T) = Pi .(T). The principle of microscopic reversibility 
shows that 
(19) 
But 
T-
(20) 
so that if Equation 19 is substituted into Equation 20 the, result is 
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fj.kCT) = /Pk.j(^o) M ^ ^ ' ^''o 
(21) 
SO that the principle of reversibility also holds for the thermally averaged 
transition probabilities as well as the velocity dependent ones. 
Substitution of Equation 15 into Equation 18 with some algebraic man­
ipulation yields the average transition probability per collision as 
kl m 
r ^ 
= ( j: [(k-3)l] k'l ,^zjk.j r-. 
(22) 
_ 2 (k-j)277'2-<L' m V 
eîqj ( - VQ ) exp ( - ) dv„ . 
2k'T 
The evaluation of the infinite integral in Equation 22 is accomplished 
approximately by a method given by Her zfeld (59)* The first exponential 
term in Equation 22 increases with increasing v^ and the second exponential 
term decreases with increasing v^. The integrand in Equation 22 has a 
sharp peak nearly corresponding to the maximum value of the combined ex­
ponents of the two exponential terms. The v^ multiplier may be assumed 
constant at the value of v^ for the maximum exponent since its variation 
is small compared with the exponential functions. The exponent which must 
be maximized is 
21 
(k-j) ZttVI» - ^ 2 
_2_ 
Vq 2k'T 
Differentiation of this exponent with respect to gives 
-— ( _ (k-j)(27y>a' ) _ m VQ^ ) = 2:7X11 (k-j) 
^^o "^Q 2k'T v_^ 
(23) 
-  m V o  
o 
(24) 
k'T 
The extremum is found by equating this derivative to zero and by letting 
v_ = V for this case. So 
o om 
(k-Pl . 5 =0 . • 
k'T 
Solving for v gives 
om 
r k'T 1 
^om= [-g- (2'=^>^l')(k-j)j/ . (26) 
"With the velocity for the maximum of the exponent determined, and 
due . to the sharp peak of the integrand, the exponent may be developed in 
a power series about this maximum point. 
Let <r = (k-j) (2v7->Q.') and c - "^rf- , then the exponent is 
~ ^ ° ^o and 
22 
3 Vom = _& ' (27) 
c 
To expand this exponent about its maximum, let 
^ 2 
f(Vn) = + fZo_ (28) 
then 
f'(Vo) = - + ov^ 
f"(v„) = +c . (29) 
In terms of f(v^), the expansion about may be given by 
f(v„) = f(v„„3 + r'(v^^)(v^ - + f'HVo„) (v^ . 
+ .... 
which upon substitution for f, f and f'' gives 
2 c V  ^
(30) 
f(v„) = ^  + + ( - _L + c 
om 2 Vqj/ 
2 f . (31) 
v~3 ° 2 • 
+ ( ) (Vo - v^^) + ... . 
Some algebraic reduction results in 
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o on 4 <=>"0 -{• 'O + (32) 
= Vom3 " V,m3 -2 
In Equation 32, be replaced by ^/c to produce 
f(v ) = 3cVo/ - 4- 3/2 cv/ + ... (33) 
which upon manipulation gives 
f(Vo) = 3/2 c(vQ^ - VQ)^ 4- 3/2 cv^^^ + ... ^ (34) 
VJith the approximate value of the exponent given by the first two terms 
of Equation 3^•, approximate values of the average transition probabilities 
may be written as 
ki -Ë-. _1 Ç°° 
(ji [(k-j)!] 2 i 
(35) 
exp (-3/2 c [vom - ^ - 3/2 cv^/ ) dv^ ^ 
The velocity for the maximum exponent, v^^, is a constant as far as 
the integration iri.th respect to v^ is concerned, so some factoring may be 
done so that 
24 
^ ( j! (-3/2 
(36) 
rexp (-3/2 c - VJ ^  ) dVg . 
Q 
Consider the infinite integral in Equation 36 and let q = 
Then dq = dv^ and the integral may be written as 
2 /-«=> o J exp (-3/2 c [VQ - ) dVg = J exp (-3/2 cq )dq . 
o v.. (37 ) 
-^om 
The lower limit, -v^^, in the integral.of Equation 37 may be changed 
to negative infinity with little error in the evaluation of the integral 
so that 
exp (-3/2 cq^) dq S' J exp (-3/2 cq^) dq . (38) 
""^om 
This integral is now in a standard form, and may be evaluated as 
, 9 2 TT 
I exp (-3/2 cq ) dq = ( 3c ) , . . (39) 
— OÛ 
"When this evaluation is substituted back into Equation 36 and the defi­
nitions of c and v^j^ are used, the transition probability becomes 
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t'-"' 
exp (-3/2.^1^^^^^ [(k-j) (40) 
(Zau/l:)] ^ 
It is interesting to note that for k = j +1, 
r,.,., • '..1 . »> 
which reduces to 
= ( j ^0,1 • (42) 
This shows that these transition probabilities correspond to the 
Landau-Teller single level transition probabilities when evaluated for 
transition between adjacent levels. 
The average transition probabilities may now be calculated for a 
given heat bath temperature and given collision partners if an experi­
mental or theoretical value of 1' is known for the collision partners and 
if the constant Z can be determined. 
o 
ZQ is evaluated by comparing the transition probability from the 
zeroth state to the first excited state for an exponential interaction 
potential determined by Rapp and Sharp (60) with the transition proba­
bility of Landau and Teller which is used here. The result of Eapp and 
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Sharp (60) is 
2 7r(Q.08) mcJL^ 277^1 
^0,1 - ( tS ) e%p (- Vg ) (43) 
•where co is the characteristic angular frequency of the oscillator, 
= h , and L = 1' . The reason for the apparent difference be-
Ztt 
tween Equation 43 and 15 is a notational difficulty because of landau and 
Teller's use of V instead of c<-> in their equation. This can be corrected 
by the use of 1' = ZTTL SO that the two exponents are then numerically 
identical. 
Comparison of Equation 43 and 15 yields the desired constant 2^ as 
^0= ( 
277-(0.08) mcJL^ . (44) 
Initial Conditions for the Closed System 
The number distribution may be determined by numerically integrating 
Equations 13 with the transition probabilities determined from Equations 
40 and 44 for a given heat bath temperature. The initial distribution 
must be knoT/m to begin the integration. The initial distribution will be 
different depending on the application of the relaxation process. In some 
chemical reactions, oscillators may be produced only at one energy level. 
In this case, a peaked distribution, such as a ^-distribution might be 
used as the initial distribution. For application to shock waves, the 
initial distribution is a Boltzmann distribution at the temperature, TQ, 
of the,gas ahead of the shock wave. Behind the shock wave, translational 
and rotational relaxation is completed in only a few collisions, long before 
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vibrational relaxation has effectively begun. The heat bath temperature 
is then the translational temperature behind the shock wave. 
The initial distribution used here will be a Boltzmann distribution 
at temperature, TQ, given by 
xj(o) =e (45) 
where 
. (46) 
k'To 
To accomplish the numerical integration, a gas must be chosen for 
the oscillators and another for the heat bath. Diatomic nitrogen will be 
used for the oscillators and rigid molecules with the same mass as dia­
tomic nitrogen for the heat bath. The constant parameters needed for the 
integration for are then 
m = fflg = mQ = 2,3436 X 10"^^ gm. 
= 4.6872 X 10"^^ gm. 
= 4.45 X 10^^ rad./sec. 
1' = 1.25 angstroms 
k' = 1.3805 X 10-^^ erg/®K 
"K = 1.0545 X 10"^^-erg-sec. 
An additional condition is known due to the fact that the model is of 
a closed system. No oscillators may enter or leave the system so the total 
number density of oscillators is a constant. ' Mathematically, this, con­
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dition may be written as 
— x^(t) = 1 . (47) j = 0 J 
This then may be used as a check on the accuracy of the numerical inte­
gration. 
After the number distribution of oscillators has been determined, 
the mean vibrational energy, E^(t), may be found for the harmonic os­
cillators by 
E^(t) = ^ j^z/x.(t) . (48) j = 0 ^ 
The Special Case of Single Quantum Transition 
For the case of constant heat bath temperature where only one level 
transition is allowed, the mean vibrational energy may be determined an­
alytically as was done by Bethe and Teller (1) as 
-v^^^ ) exp(_ t/z"^) (49) 
E^(0) - E^(^) 
for constant where is the vibrational relaxation time which is in 
equation form 
•Z = 
V 
Po,i (ZN)(1 . (50) 
Equation is commonly known as the integrated form of the Bethe-
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Teller energy equation for vibrational relaxation. The form of the 
equation depends neither on the type of initial number distribution 
nor the type of number distribution during the relaxation process, but 
only on the initial and final amounts of energy and the rate of relaxa­
tion. The equation form does depend, however, on the fact that transi­
tion takes place only between adjacent levels. An attempt will be made 
to determine whether or not this equation is a good approximation to the 
mean energy variation when multiple level transition is allowed. 
Also for the case of single level transition, an analytical solu­
tion to Equation 13 has been found by Montroll and Shuler (6) for the 
number distribution as a function of time for an initial Boltziaann dis­
tribution. This solution is 
Xj(t) = (1 - e e (51) 
where © is given by 
, e ' a 
% = e-^e (1 -e®-®-) - (1 - e) (52) 
and Z'g = t/^f . This solution is a relaxation process consisting of 
a continuous sequence of Boltziaann distributions at an effective tempera­
ture, denoted vibrational temperature, T.^, given by 
. (53) 
The vibrational temperature varies monotonically from the initial tempera­
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ture to the final equilibrium temperature for constant heat bath tempera­
ture. 
The number distribution variation with time is not always monotonie 
in nature for all energy levels and heat bath temperatures. This can be 
shovna by examining the slope of each number distribution-time curve. If 
a zero slope is found during the relaxation process, the curve will not 
be of a monotonie nature. Differentiation of Xj(t) in Equation ^ 1 with 
respect to 0^ results in 
dx.(t) 
— (1 - e (-j) + e ( e " 
c 
Setting this slope equal to zero yields 
(j + 1) e "^ZS - j = 0 (55) 
where the value of for which the curve has zero slope. 
Solving for from Equation 55 gives (©23^ 0) 
®zs ^  ^  ) • (56) 
Level one has an extremum at © = ln(2) = 0,693. For oscillators this 
ZS ^ 
corresponds to a vibrational temperature of approximately 4920°K, If 
the initial and final temperature s have the temperature 4-920°% between 
them, then an overshoot in level one "will occur. If ^ 20°K is outside 
the range of temperatures, then no overshoot occurs. Level two will over­
shoot at 84-20°% which is outside the temperature range considered here. All 
other levels overshoot a.t still higher temperature s so these overshoots will 
not be observed in this analysis. 
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RESULTS AMD DISCUSSION 
Numerical Method of Solution 
The set of differential difference Equations 13 were solved vxith 
the initial conditions given by Equation 4^ and transition probabilities 
calculated from Equation 40 on the Iowa State University Computation 
Center's IBM 360-50. The NODE integration routine which uses the Runge-
Kutta-Gill starting method with a predictor-corrector method thereafter 
was used for the integration of Equations 13. The double-precision ver­
sion of NODE was used because of the differences occurring in Equation 
13 could become very small compared with the magnitudes of the variables 
from which the difference was taken. NODE has the capability of holding 
twelve decimal digits of accuracy although only six digits were requested 
in an effort to reduce the computation time required. 
It is not practical to treat j as large as the dissociation limit, 
so for N2 oscillators, twenty or twenty five excited levels are used de­
pending on the heat bath temperature. For heat bath temperatures less 
than 4000%, twenty excited levels are used, for temperatures higher than 
4000°K, twenty five levels are used. T^ is taken to be 290°K or approxi­
mately room temperature. Heat bath temperatures ranging from 2000°K to 
7000°K are used in the calculations. , 
A total exchange of six vibrational quanta was allowed rather than 
a larger number to reduce the complexity of the equations and sôjice little 
difference was apparent from using five levels in hand calculations made 
as a check. 
A check case was run assuming that transition could occur between 
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adjacent energy levels only. MontroU and Shuler (6) have solved this 
case analytically with the solution given in Equations 51 and 52. The 
numerical integration agrees within the numerical accuracy expected with 
the analytical solution. The check condition. Equation 4?, for which 
the sum of the Xj's should equal one for a closed system is also satis­
fied within the six digit accuracy. 
Computation of Multiple Quantum Transition Probabilities 
The transition probabilities from Equation 40 were calculated for 
one to six quantum transitions. Table 1 shows a representative sample 
of the resulting transition probabilities for T = 7000°K. 
Equation 42 is satisfied by the data in Table 1 as for example ^ 
is six times as large as Pq ^  and P q^ is eleven times Pq 
It is interesting to note that for the lower energy levels, multiple 
quantum transition is less probable than is single quantum transition. 
For example, PqjI ~ 2.0718 x 10"^ is greater than Pq 6 ~ x 10"^. 
However, for higher energy levels, this is not true. P2Q 21 - 4.3508 
X 10" is less than P2Q 23 ~ I.5690 x 10~ . So for the higher energy 
levels, multiple quantum transition is more probable than is single 
quantum transition. At lower temperatures, as can be seen from the 
representative sample of transition probabilities at 3000°K in Table 2, 
single quantum transition is always more probable than multiple at least 
for the energy levels of interest. 
At higher temperatures than the 7000°K case presented here, it is 
apparent that the increase in transition probabilities could result in 
values which are larger than unity. Since it is not possible to have 
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Table 1. Transition probabilities for T = 7000°K 
2.0718 X 10"^ ^10,11 2.2790 X 10-^ 
^0,2 1.7193 X 10~^ ^10,12 1.1348 X 10-2 
^0,3 3.1444 X 10--5 ^10.13 8.9929 X 
10-3 
^0,4 8.5303 X 10"^ ^10,14 8.5388 X 
10-3 
^0.5 2.9437 X 10"^ ^10.15 8.8400 X 
10-3 
^0,6 1.1945 X 10"^ ^10,16 9.5658 X 10-3 
On
 1.2431 X 10"^ • 
^15,16 3.3149 X 10-2 
^5.7 3.6106 X 10"^ ^15.17 2.3383 X 
10-2 
^.8 1.7608 X 10-3 ^15,18 2.5658 X 10-2 
%9 1.0748 X 10-3 ^15,19 3.3063 X 10-2 
^5.10 7.4182 X 10-^ ^15,20 4.5640 X 
10-2 
5.5187 X 10-^ ^15,21 6.4820 X 10-2 
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Table 1. (Continued) 
^j.k 
^20,21 
^20,22 
^20,23 
4.3508 X 10-2 
3.9716 X 10 
5.5687 X 10 
-2 
-2 
^20,24 
^20,25 
• ^21,22 
9.0643 X 10 
1.5690 X 10 
4.5579 X 10 
-2 
-1 
-2 
^j,k . 
^21,23 
^21,24 
^21,25 
^22,23 
^23,24 
^24,25 
4.3499 X 10 
6.3642 X 10 
1.0791 X 10 
-2 
-2 
-1 
4.7651 X 10"^ 
4.9723 X 10-2 
5.1795 X 10 -2 
Table 2. Transition probabilities for T = 3000°K 
^0.1 2.7877 X 10-:^ ^15,16 4.4603 X 10-^ 
^0,2 1.6949 X 10-"^ ^15,17 2.3051 X 10--5 
^0,3 3.4616 X 10"^ ^15,18 2.8246 X 10-^ 
1.3270 X 10-10 
^15,19 5.1435 X 
10-7 
^0,5 7.5817 X 10-1^ ^15,20 1.1755 X 
10-7 
^0,6 5.7248 X 10-12 ^15,21 3.1065 X 10-^ 
.^6 1.6726 X 10-^ 2^0,21 5.8541 X 10-^ 
3.5593 X 10"^ 2^0,22 3.9152 X 10--5 
^5,8 1.9385 X 10"^ 
p 
20,23 6.1304 X 
10-6 
^5.9 1.6720 X 10-^ ^20,24 • 1.4101 X 10"^ 
^5,10 1.9106 X 10~^ %0,25 4.0282 X 10"7 
D 
'5.11 2.6449 X 10""^° ^21,22 6.1329 X 10-^ 
^10,11 3.0664 X 10-^ ^21,23 4.2881 X 10-5 
^10,12 • 1.1186 X 10~-5 ^21,24 7.0062 X 
10-° 
^10,13 9.9001 X 10-7 ^21,25 1.6787 X 10-° 
^10,14 1.3283 X 10""^ P~ 22,23 6.4116 X 10-^ 
^10.15 2.2768 X 10"^ ^23,24 6.6904 X 10-^ 
^10,16 4.5844 X 10-^ ^24,25 6.9691 X 10"^ 
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such probabilities, this indicates that an upper limit on temperature is 
necessary in the application of the theory. In addition, the order 
perturbation method is based on P. being much less than one so large 
J ; K 
transition probabilities as are found at high temperatures also limit the 
effective temperature range of the theory. 
The temperature limit on the theory application is based on the upper 
limit on relative collision velocities established by Sharp and Rapp (3^) 
as 5-6 X 10-5 cm/sec. A one-dimensional Maxtrellian molecular beam vd-th 
temperature 7000°K has approximately one percent of its molecules with 
velocities greater than 5 % 10^ cm/sec. As beam temperatures increase, 
the fraction of molecules in the high velocity region increases also so 
that the transition probabilities used here are not very good approxima­
tions to the actual probabilities. Below velocities of 5 x 10-^ cm/sec, 
the transition probabilities agree well with those determined by more 
exact methods (3^)« 
Vibrational Energy Level Populations 
The fraction of oscillators in the ground through the twenty-fifth 
energy levels is shotm in Figure 1 for an initial Boltzmann distribution 
at 290°K (slightly lower than room temperature) and a final temperature 
(heat bath temperature) of 7000°K. Because of the large variation in the 
oscillator fraction and in the number of collisions, these are plotted as 
logarithms. 
The variation of oscillator fraction with collision number is shotvn 
for ten different levels for one level transition and for three different 
levels with six level transition. As the number of collisions becomes 
Figure 1, Variation of fraction of oscillators vrî-th number of collisions comparing one and 
sisr. level transition, = 290°Ky T = 7000°I{» 
- 2 - 1 0 1 2 3 4  
Log (Collision Mumbsr), Log (n), Collisions 
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large, a Boltzmann distribution at the heat bath temperature must be 
realized for both the one and six level cases. For levels three, ten, 
and twenty shoim here, this can be seen to the accuracy of the plot at 
4 
approximately 10 collisions. Using experimental values for ZN from 
Parker (55)» 7000°K, ZN = 10"^ seconds per collision. This results 
in near equilibrium obtained in about 10seconds. 
After about 10"^ seconds have elapsed, the fraction of oscillators 
in level three is more than five orders of magnitude larger for the six 
level transition when compared -with the one level transition. Higher 
energy level populations shox-j even more variations than does level three. 
Because of the logarithmic plot, very little detail can be seen for 
larger values of time (collision number), so Figure 2 shows levels zero, 
one, and txfo plotted linearly. Due to the large increase in the high 
energy level population for six level transition as evidenced in Figure 
1, loxcer energy level populations must be correspondingly smaller since 
the sum of all x^,g must be equal to one. The ground level and first 
excited level have lower populations xfhen six level transition is allowed 
than exists for one level transition. The level populations for six and 
one level transition again must be equal when equilibrium is reached as 
can be seen in Figure 2. 
The populations in the txfo cases for level two appear in Figure 2 to 
be approximately equal although the population for the six level transi­
tion appears to be slightly higher. Because of the scale required to show 
the ground level in Figure 2, the plot is difficult to read so populations 
for levels one through four are plotted with a somewhat expanded vertical 
scale in Figure 3» Again little difference in populations for level two 
Figure 2, Variation of fraction of oscillators ground, first, and second energy levels 
vrith number of collisions» = 290°K and T = 7000°%» 

Figure 3» Variation of fi-action of oscillators in first, second, third, and fourth energy 
lewis t-rith nmibar of collisions « = 290®K and T = 7000°K, 
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appears. This will be shoxjn in a different form later in Figure 3» 
In levels three and four, more difference between six and one level 
transition is becoming apparent. Both energy levels show six level 
transition giving a higher population than the corresponding one level 
transition case. This is even more apparent in Figure 4 which shows the 
variation in the fraction of oscillators in the fifth, sixth and seventh 
energy levels. Energy levels higher than seven exhibit similar behavior 
with increasing difference being noted between six and one level transi­
tion as the energy level increases. 
Figures 2 and 3 show an overshoot in energy level' one but discussion 
of this point %fill be delayed until the 'discussion of Figure 6 is pre­
sented. 
Figure 5 is a different presentation of the energy level populations. 
The populations are shovm for energy levels zero through nine at two 
different times for initial temperature, 290°K and heat bath temperature, 
7000°K. For n = 9.990 collisions, equilibrium conditions effectively 
exist so that the curves for six and one level transition are identical. 
Kowever, during the relaxation process, of which n = 1,065 collisions 
is an-example, the curves are not the same as seen previously. The 
crossover point for n = 1,065 collisions is at approximately level two 
with the population of level two slightly higher for the six level case. 
Higher energy levels show greater populations in the six level transi­
tion case than the one level transition case. 
The higher energy levels with six level transition shown in,Figure 5 
appear to deviate only slightly from the one level case due to the ordin-
Figure 4. Variation of fraction of oscillators in fifth, sixth, and seventh energy levels 
with number of collisions, = 290°K and T = 7000°K, 

Figure 5» Comparison of fraction of oscillators in the lower energy levais for six and one 
level transition at 1,065 collisions and at 9,990 collisions* = 290°K and 
T = 7000°K. Note that the .one and six level transition cases are identical for 
= 9,990 collisions. 
Fraction of Oscillators in Level j, x 
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ate scale used. This is deceiving, however, as can be noted from Table 
3. Even though the absolute magnitude differences are small, the rela­
tive magnitude differences may be large. For instance, the fraction of 
oscillators in energy level twenty three for the six level transition 
case is one hundred times as large as the fraction in level twenty three 
for one level transition. 
The conclusion then is that significant differences are noted in the 
oscillator energy level populations with the largest difference occurring 
in the higher energy levels. This result is important particularly in 
the application of vibrational relaxation theory to the coupled vibration-
dissociation problem. Dissociation from the higher energy levels is more 
probable than from the lower levels so that a large difference in dis­
sociation rates could be determined. 
The first level population is plotted in Figure 6 for initial tempera­
ture of 290°K and heat bath temperature s of 6000°K and 7000°%. A distinct 
overshoot is apparent for both heat bath temperatures although the over­
shoot is less noticeable for the lower temperature. The one level transi­
tion case is predicted by Equations 51 and 55» This overshoot occurs for 
cases where the temperature, ^ 20°K, is between initial and final tempera­
tures of the oscillators. Since the initial temperature is 290°K and 
final temperatures are 6000°K and 7000°K, this overshoot occurs in both 
cases. It is interesting to note that the overshoot is much less for the 
six level transition case. 
This decrease in overshoot might be explained by recalling that at 
the initial temperature, nearly all of the oscillators are in the ground 
level. For the single level transition case, nearly all oscillators which 
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Table 3* Energy level population for IO65 collisions with T = ?000°K 
and To = 
Energy level, j x^(6 level) x.(l level) 
J J 
0 4.9792 X 10~  ^ 5.2215 X 10-1 
1 2.4045 X 10"  ^ 2.4951 X 10"  ^
2 1.2067 X lO"^  1.1923 X 10-1 
3 6.2782 X 10"  ^ 5.6973 X 10-2 
4 3.3764 X 10"  ^ 2.7224 X 10-2 
5 1.8702 X 10-2 1.3009 X 10-2 
6 1.0625 X 10~2 6.2164 X 10-3 
7 6.1636 X 10"  ^ 2.9705 X 10-3 
8 3.6410 X 10"3 1.4195 X 10-3 
9 2.1697 X 10-3 6.7828 X 10-4 
10 
3 
1.3061 X 10" 3.2412 X 10- '^ 
11 -4 7.9222 X 10 1.5488 X 10-4 
12 4.8860 X 10"'^  7.4009 X 10-5 
13 2.9508 X 10-  ^ 3.5365 X 10-5 
14 I.8095 X 10"  ^ 1.6899 X 10-5 
15 1.1199 X 10"^ 8.0753 X 10"  ^
16 6.8099 X 10"-  ^ 3.8588 X icrf 
17 4.1800 X 10--5 1.8440 X 10-  ^
18 2.5686 X 10"-  ^ 8.8126 X icr? 
19 1.5793 X 10-5 4.2125 X 10-7 
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Table 3« (Continued) 
Energy level, j XJ(6  level) %j(l level) 
20 . 9.4715 % 10"^^ 2.0149 X 10-? 
21 5.9770 % 10"^ 9.6542 X 10-^ 
22 3.6705 X 10-6 4.6473 X 10"^ 
23 2.2576 X 10-6 2.2644- X 10-G 
24 1.3884 X 10-° 1.1373 X 10-8 
25 8.5462 X 10-? 6.1213 X 10-9 
/ 
Figure 6. First level populations for T = 6000^K and Ï - 7000 I( on an expanded scale, = 290°K, 
17? 
xcill populate the higher energy levels at equilibrium must at sorce time 
during the relaxation be in the first excited state. At heat bath teia--
peratures greater than 4920°K, the rate of transition to level one is so 
high that this level is temporarily overfilled as compared viith the equi­
librium value. 
In the six level transition case, energy levels above level one may 
be filled directly from the ground state so that some oscillators never 
appear in the first energy level. Consequently the overshoot is reduced 
as shoTO in Figure 6. 
A calculation, for which data is not shown here, for = 290°K and 
T = ^ 000°K still results in an overshoot in energy level one for one level 
transition as predicted by equations 51 and 55» but does not result in an 
overshoot in the six level transition case. For heat bath temperatures 
below 4920°K, no overshoot in either case occurs. 
Relaxation of Vibrational Energy 
The average vibrational energy per molecule as calculated by Equation 
48 is plotted in Figure ?. Again logarithmic scales are used so that 
nearly all of the relaxation can be seen. Results of four heat bath 
temperatures, 2000°K, 4000°K, 6000°K and 7000°K w%th an initial tempera­
ture of 290°K are shown. All four curves have the same general shape with 
the time taken to reach equilibrium inversely proportional to the final 
temperature. Because of the logarithmic scales, little difference is 
noticeable between six and one level transition for 2000°K and 4000°K and 
only a small difference for 6000°K and 7000°K. 
To show the variation of vibrational energy more effectively for the 
Figure 7. Variation of dnjiisnsionless vibrational energy with collision nwnbsr for T = 2000°K, 
4000°%, 6000°%:, and 7000°K. = 290°K. 
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7000 K — 
2000 K 
1 Level Transition 
6 4 2 .1 
Log (Collision Nimbor), Log (n), Collisions 
I 
58 
later part of relaxation. Figure 8 is plotted linearly for a heat bath 
temperature of 6000°K. Here the difference in the energy relaxation is 
more readily seen. The energy at any point in the relaxation is larger 
for the six level transition case than that for the single level transi­
tion. 
The percentage change in mean vibrational energy is calculated by 
the equation 
= ^^^6 " (^)l X 100% (CO) 
-where is the mean vibrational energy for six level transition and 
(K^)^ is the energy for single level transition. This percentage change 
for cOOO°K is graphed in Figure 9 as a function of number of collisions. 
The maximum deviation appears to be about eleven percent and occurs at 
about 1000 collisions. The percentage change at n = 0 and n = must 
be zero since equilibrium, values must be found at these points. 
The mean vibrational energy per molecule variation with number of 
collisions for 7000°K is shovm in Figure 10. A significant difference 
between the single and multiple transition cases occurs here as in Figure 
8 previously, \ilhen the percentage change in is calculated and plotted, • 
Figure 11 results. For 7000°%, the maximum deviation is nearly txventy 
percent occurring between 900 and 1000 collisions. The number of collisions 
at the point of maximum percentage deviation in the vibrational energy 
curves should decrease as the temperature increases due to the more rapid 
relaxation occurring at the higher temperatures. 
Figure 8, Variation of dijuonsionless vibrational energy with number of collisir .if; for T = 6000 
T = 290°K, 
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Figure 9» Percentage change in vibrational energy for l0VGl_transition compared with one 
level transition, = 290°K and T - 6000°K. Note; defined in Equation 57^ 
Collision Miimber, n x 10 Collisions 
-I 
Flguro 100 Variation of dimensionless vibrational energy 'with nuiubor of collisions for T= 7000°K. 
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Figure 11. Percentage change in vibrational energy for six leveljbransrtion compared with one 
level transition, Ï = Z90°K and T = 7000°%. Note:AEv defined in Equation ^7, 
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The Bethe-Teller energy equation. Equation 49, shows an exponential 
increase of the mean vibrational energy from its initial value to its 
final equilibrium value for a constant heat bath temperature. Deviation 
of the mean vibrational energy from this equation could be seen if t/g^ 
is determined from Equation 49 to give 
t/z-y = 
E^(«) - E^(0) 
(58) 
and this value is plotted versus t or ZKt for both single and multiple 
level transitions. The single level transition case will produce a 
straight line with slope proportional to The function on the right 
hand side of Equation ^8 has been graphed in Figure 12 versus n for 
TQ = 290°K and T = 2000°K, 4000°K^ and 5000°K. 
The two curves representing 2000^K in Figure 12 are very close to­
gether indicating little deviation from the Bethe-Teller energy equation. 
The rate of relaxation for six level transition is only slightly greater 
than that for one level transition for this temperature. For 4000°K, 
more deviation is seen although the six level transition curve is still 
very nearly a straight line. Again the relaxation proceeds at a more 
rapid rate for six level transition. Similar results are seen for 5000°K 
with somewhat more deviation noted than for 4000°K. 
The vibrational energy ratio for 6000°K and 7000°K is shown in 
Figure 13. Significant deviation from the one level transition can be 
seen for both heat bath temperatures. Thé six level transition curve for 
6000°K is very nearly a straight line. However, for 7000°K the six level 
Figure 12, Vibrational energy ratio variation with number of collisions, 
T = 2000°K, 4000('K, and 5000°K, 
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Figure 13« Vibrational energy ratio variation with nimber of collisions, T -- 290°K, 
Ï = 6000°K and 7000°K. 
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transition curve is not straight. The Bethe-Teller energy equation does 
not seem to accurately hold for this temperature. 
For the one level transition case, the vibration relaxation time 
may be determined from the slope of the curves in Figures 12 and 13 by 
the equation 
= — (S9) 
""" Z S (slops) 
or from Equation 50 • For temperatures up to 6000 K and approximately 
for 7000°K, an effective vibrational relaxation time might be defined 
by Equation 59 for six level transition. This can be done by using an 
average slope from Figures 12 and 13 in determining the effective 
For 7000°S, the slope is obtained from the section of the curve 0 to 
5000 collisions because of the possibility of integration error accumu­
lating near equilibriura which would cause at least part of the curvature 
seen in ^Figure 12. This is equivalent to assuming that the general form 
of the Bethe-Teller energy equation holds approximately vzith a modified 
vibrational relaxation time, in this case a smaller than for single 
level transition. 
To evaluate from Equation 50 or 59, values of ZN (time between 
collisions) must be known for the temperatures involved. These values 
may be found approximately by theoretical methods or from experimental 
data. Experimental results for IÏ2 2.re shown in Figure 1^. These data 
are taken from a collection of experimental results presented, by Parker 
(55). 
Figure 14, Experimental time between collisions for N as a function of heat bath tempsrature. 
-h - Millikan and ViTiite, Q- ~ Blackman, 0 - Gaydon and Hurles-^-' Lukasik and Young, 
Ç " Henderson. Taken frorn paper by Parker (55) «• 
Time Between Collisions, — x 10 , seconds 
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The experimental results for ZN allow calculation of the vibrational 
relaxation time for the one level transition case and the effective vi­
brational relaxation time for the six level case. The resulting times 
and the percentage change from the single level transition case are pre­
sented in Table 4. 
Little difference in relaxation times at temperatures below 4000°K 
is apparent from Table 4. This is due mainly to small values of multiple 
quantum transition probabilities at these low temperatures and agrees 
with the conclusion of Losev and Generolov (48) that for 1^2, vibrational 
excitation below the characteristic vibrational temperature (3354°K for 
has an adiabatic character. For temperatures above 4000°%, signifi­
cant differences in vibrational relaxation times do exist although the 
form of the Bethe-Teller energy equation appears to hold at least ap­
proximately. 
Comparison with Experimental Results 
The theoretical vibrational relaxation times are compared ïfith ex­
perimental results in Figure 15. The experimental data were compiled by 
Parker (55) from work by a number of researchers. The experimental curve 
of White and ^ Ullikan is obtained from a curve fit of data from their 
extensive experimental studies given by these authors (58) for as 
In (P-Ç) = 220 T'^^^ - 25.02 (60) 
where p is pressure in atmospheres, T is temperature in Kelvin degrees 
and is in seconds. 
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Cable 4. Vibrational relaxation times for single and multiple 
transition cases 
Température,°K lsvel)sec (6 levels)sec 
^ V Difference 
2000 2.600 X 10-^ 2.570 x 10"^ 1.1 
4000 8.570 X 10-6 8.175 % 10"^ 4.7 
5000 3.550 X 10-6 3.100 X 10-6 12.7 
6000 1.830 X 10-° 1.480 X 10~6 19.1 
7000 1.114 X 10-6 7.860 X 10-7 29.4 
Figura 15. Ezcperjmontal and theoretical vibrational rolaxation timo variation Tîlth heat bath 
teraporaturo for N » + - Gaydon and Hurle, g - Blackman, 0 - Millikan and Vlhite^ 
© T Hendersonj ^ - Herzfeld and Litovitz, Taken from paper by Parker (55)» 
T 
1 Level Transition 
6 Level Transition 
Millikan and VThite Data 
0 1 2 3 4 5 6 7 8 9  
Temperature, T x 10"^, °K 
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Figure 16 shows the variation of with This data presenta­
tion is commonly called the Ijandau-Teller plot. The vibrational relaxa­
tion time can be sho-wn (42) to have a temperature dependence given by 
^ ) (61) 
p 
for Landau-Teller single level transition probabilities. For relatively 
low temperature (under lOOO^K), Equation 6l shows that the logarithm of 
is approximately proportional to T"^^^. This means that at low tem­
peratures, the Landau-Teller plot should show a straight line. However, 
at higher temperatures, T^^^ and have larger effects so that 
the landau-Teller plot is no longer a straight line. Recent experimental 
results by "White and Millikan (58) for ^ 2, Camac (^5) for O^, and Lutz 
and Kiefer (50) for O2 show essentially straight line variations. The 
results of the multiple quantum transition analysis tends to support 
this experimental evidence. 
As can be noted from Figures 15 and I6, considerable disagreement 
exists on correct values of experimental relaxation times. Generalov 
(49) studied the effect of impurities on the vibrational relaxation time 
in oxygen. He found that addition of impurities generally decreased the 
relaxation time at low temperatures and increased the time for high tem­
peratures over the time found for pure osgrgen. Blackmân (42) found 
roughly similar results in his studies. Because the data of %ite and 
Millikan have been obtained quite recently with very pure gases, it is 
suggested that the deviation of the other experimental points may be due 
Figm'0 16, EjcperiiiiGntal and theoretical vibration relaxation time variation with heat bath 
tempo rature to the negative one-third power. -I- - Gaydon ard Hurle, CD ~ Blaokman, 
© - Millikan and White, © - Hendersons, ^ - Herzfeld and LitovitKc Taken from 
paper by Parker (55) <• 
0 
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to impurities in the test gases with resulting relaxation times roughly 
following the effect found in oxygen by Generalov and Blackman. Only 
better experimental data will resolve the controversy which now exists. 
The effective vibrational relaxation times calculated for the six 
level transition case are seen to roughly parallel the data of Irjhite 
and MiHikan. In all cases shown, the theoretical times are lower than 
the corresponding experimental values of White and Killikan. Possible 
reasons for this discrepancy are as follows ; 
(1) The vibrational relaxation time is sensitive to the value 
used for 1' which has only slight temperature dependence so 1' 
was assumed constant here. Slightly larger values of 1' 
than used in.this study significantly increase the vibrational 
relaxation time thereby giving a better check with Millikan 
and White's data. Some authors, for example Herzfeld (59)» 
suggest values of 1' on the order of 1.30 angstroms. Dis­
agreement in values of 1' exists because of the extreme dif­
ficulty in determining this quantity experimentally, 
(2) The one-dimensional model of the collision process used in 
calculating transition probabilities generally gives larger 
transition probabilities than three-dimensional models (27). 
Use of a three-dimensional model would result in somewhat 
larger values for the vibrational relaxation time. In 
addition, the exponential repulsive potential chosen should 
be modified to account for attractive forces or replaced by 
a more accurate but also more complicated potential. 
83 
(3) The nimber of collisions per unit ti^ie, ZN, from which 
is calculated, is experimentally determined so would contain 
possible experimental errors and errors due to data inter­
pretation . • 
(4) The theoretical model is for a small concentration of os­
cillators in a constant temperature heat bath. Most ex­
periments were run in a shock tube lO-th neither a dilute 
mixture nor constant temperature heat bath. 
(5) Interpretation of ezcpsrimental data for f^ involves approxi­
mations and assumptions such as a constant enthalpy process 
as was used by Blackman (42). Lutz and Kiefer (50) indicate 
that Blackman's and VJhite and î-fi-llikan's experimentals 
should be reduced by approximately ten percent. Furthermore, 
most data interpretation involves the use of the Bethe-Teller 
equation so these data may be inaccurate if the Bethe-Teller 
equation does not exactly hold. 
Engineering application of the Bethe-Teller energy equation can be 
approximately accomplished by using.an effective vibrational relaxation 
time which is somewhat smaller than that determined from PQ i the 
single level transition case. In determining the effect of vibrational 
relaxation on gasdynamic problems, the Bethe-Teller equation is much 
easier to apply than the set of Equations 13, and appears to give nearly 
the same final results for the vibrational energy variation. 
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.CONCLUSIONS 
The number dist-i'ibiition and vibrational energy relaxation of a 
system of harruonic oscillators xjeal-d.y interacting mth a constant tem­
perature heat bath including multiple quantum transition order 
perturbation approximation) has been examined for The follot-iing 
conclusions may be dratcn; 
(1) Multiple quantum transition is more probable for high energy 
levels than low energy levels for high temperatures» This 
tends to confirm the theory of preferential dissociation from 
higher levels. 
(2) The upper temperature limit for the transition probability 
model derived from the order perturbation approximation 
of Rapp and Sharp is about 7000°K since transition probabili­
ties predicted at higher temperatures are no longer small and 
may be even larger than one. 
(3) The use of multiple quantum transition results in energy 
level populations much different than those found for single 
quantum transition particularly in the higher energy levels. 
Therefore a Boltzmann distribution does not exist and vi­
brational temperature may not be defined. 
ÉyW _ Ëv(t) 
(4) The energy ratio ( — — ) versus time may be 
E - E Co) 
approximated as a straight line on a semi-log plot for heat 
bath temperature below 7000°K, This confirms the general 
form of the Bethe-Teller equation for these temperatures. 
For temperatures less than the characteristic temperature 
85 
of vibration (335^°K for , little difference in-z^ is 
noted between single and multiple level transition. At 
temperatures greater than the characteristic vibrational 
temperature and less than approxisiately 7000°K, 7^^ must be 
decreased from the value found theoretically with single 
quantum transition. 
present theoretical results show that the Landau-Teller plot 
,is more nearly a straight line for multiple quantum transi­
tion than for single quantum transition. This follows, the 
trend of the recent experimental results of white and I'lillikan. 
The fact that the theoretical curve lies below the experimental 
one may be attributed to the uncertainty of the range of re­
pulsive forces and the collision time, the use of a one-
dimensional collision model, and the assumption of a small 
concentration of oscillators in the heat bath. 
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SUGGESTIONS FOR FURTHER STUDY 
1. Application of this theory to other gases such as oxygen should 
be accomplished with the results compared with experimental data. 
In addition, other initial and final temperature combinations 
should be tried including cases where the initial temperature 
is higher than the final temperature. 
2. The assumption of variable temperature heat bath could be adopted, 
in particular « to investigate the mean vibrational energy over­
shoot mentioned previously in Chapter II. 
3* Dissociation rates for diatomic gases could be predicted,using the 
nuzijber distributions found here lâth coupled vibration-dissociation. 
Results could be compared with single quantum transition results 
and experimental data to see if the multiple quantum transition 
assumption produces rates which compare favorably with the ex­
perimental rates. 
4. Use of a better transil^ion probability model would allow the 
results to be extended to higher temperatures and to more com­
plex gases. 
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